BEREZIN-TOEPLITZ QUANTIZATION AND ITS KERNEL EXPANSION 

XIAONAN MA AND GEORGE MARINESCU 

Abstract. We survey recent results Ii33l [34l [3?, 'SS'I about the asymptotic expansion of 
Toeplitz operators and their kernels, as well as Berezin-Toeplitz quantization. We deal in 
particular with calculation of the first coefficients of these expansions. 
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cd '■ 1. Introduction 

The aim of the geometric quantization theory of Kostant and Souriau is to relate the 
classical observables (smooth functions) on a phase space (a symplectic manifold) to 
the quantum observables (bounded linear operators) on the quantum space (sections 
of a line bundle) . Berezin-Toeplitz quantization is a particularly efficient version of the 
geometric quantization theory []2l [3l [19l [25l |4T11 . Toeplitz operators and more generally 
Toeplitz structures were introduced in geometric quantization by Berezin dSJ and Boutet 
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de Monvel-Guillemin ^. Using the analysis of Toeplitz structures [9], Bordemann- 
Meinrenken-Schlichenmaier [7] and Schlichenmaier [39] gave asymptotic expansion for 
the composition of Toephtz operators in the Kahler case. 

The expansions we will be considering are asymptotic expansions relative to the high 
power p of the quantum line bundle. The limit p —> oo is interpreted as semi-classical 
limit process, where the role of the Planck constant is played by ^ = 1/p. 

The purpose of this paper is to review some methods and results concerning Berezin- 
Toeplitz quantization which appeared in the recent articles Il34l [35l [36ll and in the book 
Il33]| . Our approach is based on kernel calculus and the off-diagonal asymptotic expan- 
sion of the Bergman kernel. This method allows not only to derive the asymptotic ex- 
pansions of the Toeplitz operators but also to calculate the first coefficients of the various 
expansions. Since the formulas for the coefficients encode geometric data of the man- 
ifold and prequantum bundle they found extensive and deep applications in the study 
of Kahler manifolds (see e.g. [IT6l[17l[l8l[2Ql[211[26l@4lE5l], to quote just a few). We 
will also twist the powers of the prequantum bundle with a fixed auxiliary bundle, so the 
formulas for the coefficients also mirror the curvature of the twisting bundle. 

The paper is divided in three parts, treating the quantization of Kahler manifolds, of 
Kahler orbifolds and finally of symplectic manifolds. 

In these notes we do not attempt to be exhaustive, neither in the choice of topics, nor 
in what concerns the references. For previous work on Berezin-Toeplitz star products 
in special cases see UTTl [38i1 . The paper [|37|] contains a detailed study of Bergman 
kernels and Toeplitz operators on Kahler and symplectic manifolds in the presence of a 
Hamiltonian action of a compact connected Lie group. We also refer the reader to the 
survey articles [HI [30l l40ll for more information for the Berezin-Toeplitz quantization 
and geometric quantization. The survey [[30|] gives a review in the context of Kahler and 
symplectic manifolds and explores the connections to symplectic reduction. 

2. Quantization of Kahler manifolds 

In this long section we explain our approach to Berezin-Toeplitz quantization of S)^!- 
plectic manifolds by specializing to the Kahler case. The method we use is then easier 
to follow and the coefficients of the asymptotic expansions have accurate expressions in 
terms of curvatures of the underlying manifold. 

In Section 2.1, we review the definition of the Bergman projector, introduce the Toeplitz 
operators and their kernels. 

In Section 2.2, we describe the spectral gap of the Kodaira-Laplace operator On one 
hand, this implies the Kodaira-Serre vanishing theorem and the fact that for high powers 
of the quantum line bundle the cohomology concentrates in degree zero. On the other 
hand, the spectral gap provides the natural framework for the asymptotic expansions of 
the Bergman and Toeplitz kernels. 

In Section 2.3 we describe the model operator, its spectrum and the kernel of its spec- 
tral projection on the lowest energy level. The expansion of the Bergman kernel, which 
we study in Section 2.4, is obtained by a localization and rescaling technique due to 
Bismut-Lebeau [5], and reduces the problem to the model case. 

With this expansion at hand, we formulate the expansion of the Toeplitz kernel in 
Section 2.5. Moreover, we observe in Section 2.6 that these expansion characterizes the 
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Toeplitz operators and this characterization impUes the expansion of the product of two 
ToepUtz operators and the existence of the Berezin-ToepHtz star product. 

In Section 2.7, we explain how to apply the previous results when the Riemannian 
metric used to define the Hilbertian structure on the space of sections is arbitrary. 

In Section 2.8, we turn to the general situation of complete Kahler manifolds and show 
how to apply the introduced method in this case. 

2.1. Bergman projections, Toeplitz operators, and their kernels. We consider a com- 
plex manifold {X, J) with complex structure J, and complex dimension n. Let L and E 
be two holomorphic vector bundles on X. We assume that L is a line bundle i.e. rk L = 1. 
The bundle E is an auxiliary twisting bundle. It is interesting to work with a twisting 
vector bundle E for several reasons. For example, one has to deal with (n, 0)-forms with 
values in L^, so one sets E = A"'{T*^^'°^X). From a physical point of view, the presence 
of E means a quantization of a system with several degrees of internal freedom. 

We fix Hermitian metrics h^, h^ on L, E. Let g'^-^ be a J-invariant Riemannian metric 
on X, i.e., g'^-^{Ju,Jv) = g'^-^{u,v) for all x G X and u,v Cli T^X. The Riemannian 
volume form of g'^-^ is denoted by dvx- On the space of smooth sections with compact 
support ^o°°(-^i ^^ ® ^) ^^ introduce the L^-scalar product associated to the metrics h^, 
h^ and the Riemannian volume form dvx by 

(2.1) (si, S2) = 1^ (si(x), S2{x))^^^^ dvx{x) . 

The completion of '^o°°(X, L^ ® E) with respect to (|27T]) is denoted as usual by L^{X, W ® 
E). We consider the space of holomorphic L^ sections: 

(2.2) -f^fa)!^, LP®E):=[s(E L^{X, 1/ ® E) : s is holomorphic} . 

Let us note an important property of the space if?2)(X, L^ E), which follows from 
the Cauchy estimates for holomorphic functions. Namely, for every compact set K (^ X 
there exists Ck > such that 

(2.3) sup|5(x)| ^CK||5||i2, foraWS eHL{X,I/0E). 

xeK 

We deduce that ff?2j(X, i7 E) is a closed subspace of L^(X, I/^E); one can also show 
that H^2)i^> ^^ ® ^) is separable (cf. [i46t p. 60]). 

Definition 2.1. The Bergman projection is the orthogonal projection 

Pp : L'^iX, I/®E)^ H^2){^^ I/0E). 

In view of (12. 3D . the Riesz representation theorem shows that for a fixed x ^ X there 
exists Pp{x, •) G L'^iX, (L^ E)^ (1/ E)*) such that 

(2.4) S{x) = f Pp{x, x')S{x')dvx{x') , for all S G H^2){X, 1/ ® E) . 

Definition 2.2. The section Pp{-, •) of {Lp ® E) M {Lp E)* over X x X is called the 
Bergman kernel oi U" ® E. 

Set dp := dimif(°2)(-^. -Z^ <8) -S) G N U {00}. Let {5f}£i be any orthonormal basis of 
if?2)(X, U ®E) with respect to the inner product (12. ID . Using the estimate (12. 3D we can 
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show that 

(2.5) P,{x, x') = X: Sf{x) ® (5f (x'))* G [L^ E\ ® {1/ ® E)l, , 

1=1 

where the right-hand side converges on every compact together with all its derivatives 
(see e.g. [146', p. 62]). Thus Pp{-, •) e ^°°(X x X,{IjP ® E)M{Lp ® E)*). It follows that 

(2.6) {PpS){x) = I Pp(x, x')S{x')dvx{x') , for all S e L^{X, 1/ ® E) . 

that is, Pp(-, •) is the integral kernel of the Bergman projection Pp. 

We recall that a Carleman kernel (see e.g. Il22ll ) is a (measurable) section 

T{-, ■):X xX ^{LP®E)M{LP® E)* 

such that 

T{x, ■) G L^{X, (L^ ® E% 0(1/® E)*) , for almost all xeX, 

T{-, x') G L^{X, {I/®E)® {LP ® E)l,) , for almost all x' G X. 

A bounded linear operator T on I/^(X, i/ ® E') is called Carleman operator if there exists 
a Carleman kernel T(-, •) such that 

(2.7) (r^)(a;) = / T{x, x')S{x')dvx{x') , for all S G ^^(X, L^ E). 

Note that Pp(a;, x') = Pp{x', x)*, thus Pp{x, x') is a Carleman kernel and Pp is a Carleman 
operator. Let Ti, T2 be two Carleman operators on L^{X, L^ ® E). Then the composition 
Ti o T2 is a Carleman operator with kernel 

(TioT2)(x,x")= / T,{x,x')T^{x',x")dvx{x'). 

The Bergman kernel represents the local density of the space of holomorphic sections 
and is a very efficient tool to study properties of holomorphic sections. It is an "objet 
souple" in the sense of Pierre Lelong, that is, it interpolates between the rigid objects of 
complex analysis and the flexible ones of real analysis. 

Note that Pp{x,x) G End(E')^, since Bnd(i/) = C. Using (1231) and the formula 
Trs [5f (x) ® (5f (x))*] = |5f (x)p, we obtain immediately 

(2.8) dp= f Tie Pp{x, x) dvx{x) . 

Definition 2.3. For a bounded section / G ^°°(X, End(£?)), set 

(2.9) Tf^p : L\X, 1/ ® E) -^ L\X, 1/ ® E) , Tf^p = Pp f Pp , 

where the action of / is the pointwise multiplication by /. The map which associates to 
/ G "^"^{X, End{E)) the family of bounded operators {Tf^p}p on L'^{X, L^ ® E) is called 
the Berezin-Toeplitz quantization. 

Note that Ty_p is a Carleman operator with smooth integral kernel given by 

(2.10) Tf^p{x, x') = / Pp{x, x")f{x")Pp{x", x') dvx{x") . 

For two arbitrary bounded sections /, 5' G ^°°(X, End(S)) it is easy to see that Tf^p o 
Tg^p is not in general of the form Tfg^p . But we have Tf^p oTg^p ^ Tfg^p asymptotically 
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for p ^ 00. In order to explain this we introduce the following more general notion of 
Toeplitz operator. 

Definition 2.4. A Toeplitz operator is a sequence {Tp}piz]>i of linear operators 

(2.11) Tp-. L^{X,LP®E) — >L^{X,I/®E) 

verifying Tp = Pp Tp Pp , such that there exist a sequence gi G ^°°(X, End(£^)) such that 
for any A; ^ 0, there exists Cfc > with 



(2.12) 



k 

fc-1 



■'P /^■'■9t,pP 

i=0 



^Ck p for any p e N*, 



where || • || denotes the operator norm on the space of bounded operators. The section Qq 
is called the principal symbol of {Tp}. 

We express (I2.12D symbolically by 

(2.13) Tp = Y,T,„pp-' + 0{p-'-'). 

1=0 

If fl2.12D holds for any A; G N, then we write fl2.13D with A; = +oo. One of our goals is 
to show that Tf^p o Tg^p is a Toeplitz operator in the sense of Definition l2.12l This will be 
achieved by using the asymptotic expansions of the Bergman kernel and of the kernels 
of the Toeplitz operators. 

2.2. Spectral gap and vanishing theorem. In order to have a meaningful theory it is 
necessary that the spaces if?2)(X, L^ ® E) are as large as possible. In this section we 
describe conditions when the growth of dp = dim if?2^(X, LP ® E) for p ^ oo is maximal. 

For this purpose we need Hodge theory so we introduce the Laplace operator. Let 
T(^'°)X be the holomorphic tangent bundle on X, T^°'^)X the conjugate of t(^'°'X and 
T*(0'i)x the dual bundle of T(°'^)X. We denote by A9(T*(°-i)X) the bundle of (0, g)-forms 
on X and by Q°'^{X, F) the space of sections of the bundle A^{T<°'^^X) ® F over X, for 
some vector bundle F ^ X. 

The Dolbeault operator acting on sections of the holomorphic vector bundle W ® E 
gives rise to the Dolbeault complex 



(Q'''{X,I/®E),-d'''^^^ 



Its cohomology called Dolbeault cohomology is denoted by if°'*(X, L'^ ® E). We denote 
by d '* the formal adjoint of d with respect to the L^-scalar product (12. ID . Set 



Dp = V2 (9 +5 , 

(2 14) ^ V / 



2 P 



The operator n^"®^ is called the Kodaira-Laplacian. It acts on Q°^'{X, W ® E) and pre- 
serves its Z-grading. 

Let us consider first that X is a compact Kdhler manifold endowed with a Kahler form 
u and L is a prequantum line bundle. The latter means that there exists a Hermitian 
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metric h^ such that the curvature R^ = (V^)^ of the holomorphic Hermitian connection 
V^ on (L, h^) satisfies 

(2.15) oj = ^^i?^ . 

27r 

In particular, L is a positive fine bundle. 

By Hodge theory, the elements of Ker(n^^®-®), called harmonic forms, represent the 
Dolbeault cohomology. Namely, 

(2.16) Ker(Dj,|no.,) = Kei{Dl\ao,.) ~ H''^{X, 1/ ® E). 

and the spaces if°'«(X, L^ (g) E) are finite dimensional. Note that H°'°{X, L^ ® E) is the 
space of holomorphic sections of L^ ® E, denoted shortly by H°{X, L^ <S) E). Since X 
is compact we have H°{X, L^ E) = if?2)(-^) ^^ ® ^) f°^ ^^Y Hermitian metrics on L^, 
E and volume form on X. A crucial tool in our analysis of the Bergman kernel is the 
following spectral gap of the Kodaira-Laplacian. 

Theorem 2.5 ([IS Th. 1.1], [l33l Th. 1.5.5]). There exist constants positive Cq, Cl such 
that for anypeN and any s G Q°'>°{X, L^ ® E) = ©^^j fl°'«(X, W ® E), 

(2.17) \\D^s\\1,-^{2C^p-Cl)\\s\\1,. 
Hence 

(2.18) Spec(nj,) c {o}u ]pCo-^Ci„+oo[, 
where Spec(np) denotes the spectrum of the Kodaira Laplacian Dp . 

Theorem 12.51 was first proved by Bismut-Vasserot [161 Th. 1.1] using the non-kahlerian 
Bochner-Kodaira-Nakano formula with torsion due to Demailly, see e.g. [33, Th. 1.4.12] 
(note that g'^-^ is arbitrary, we don't suppose that it is the metric associated to u, i.e., 
g'^-^{u, v) = u{u, Jv) for u,v ^ T^^X). By Theorem 12.51 we conclude: 

Theorem 2.6 (Kodaira-Serre vanishing Theorem). If L is a positive Une bundle, then there 
exists Po > such that for any p ^ po, 

(2.19) H°'''{X,I/®E) = foranyg>0. 

Recall that for a compact manifold X and a holomorphic vector bundle F, the Euler 
number x(-^. P') is defined by 

(2.20) X{X,F) = f^(-l)«dimff°'5(X,F). 

q=0 

By the Riemann-Roch-Hirzebruch Theorem Il33l Th. 14.6] we have 

(2.21) x{X, F)= f Td (t(^'°'x) ch(F) , 

where Td and ch indicate the Todd class and the Chern character, respectively. By the 
Kodaira-Serre vanishing G2.19D , 

(2.22) dp = dim H%X, 1/ ® E) = x{X, 1/ ® E) , p^po- 
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Therefore, for p ^ Po, 

dim H°{X, LP®E)= f Td (t(^'°)x) ch(L^ ® E) 

(2.23) = ,,(B) r cji^r^n ^ I U(E) + £!Et5o,(T('.")X))£l(^p"-' 

Jx n\ Jx \ 2 J {n — 1)\ 

Note that the first Chern class Ci(L) is represented by oj (see (I2.15D 1 and Ci{E) is repre- 
sented by ^^^ Tr[i?^]. As a conclusion we have: 

Theorem 2.7. Let (X, w) he a compact Kdhler manifold and let [L, h^) he a prequantum 
line hundle satisfying (I2.15D . Then dp is a polynomial of degree n with positive leading term 
—^ /x: Ci(I/)" {the volume of the manifold {X, u)). 

Let us consider now the general situation of a (non-compact) complex manifold {X, J). 
As before we are given a Hermitian metric on X, that is, a J-compatible Riemannian 
metric g'^-'^ . We denote by 6 the associated (1, l)-form, i.e., Q{u, v) = g'^-^{Ju, v), for all 
X G X and u,v (^ T^X. We say that the Hermitian manifold (X, 0) is complete if the 
Riemannian metric g'^-^ is complete. Consider further a Hermitian holomorphic vector 
bundle {F, h^) -^ X. Let us denote by Q^^^iX, F) := L^{X, A9(T*(°-i)X) F). We have 
the complex of closed, densely defined operators 



■F „ -^F 



(2.24) ^°^i\X, F) ^-^ f^°^5(X, F) '-^ nl^^-^'iX, F) , 

where T and S are the maximal extensions of 5 , i.e., 

Dom(a^) = {se f^Ja'CX, F) : d^ s G r2(2*(X, F)} 

jp 

where 5 s is calculated in the sense of distributions. Note that Im(r) C Ker(5), so 
ST = 0. The 5-th L^ Dolbeault cohomology is defined by 

(2.25) H'iiX, F) := ^ 'f ^ . 

^''^ Im(a^)nf^°^5(X,F) 

Consider the quadratic form Q given by 

Dom(Q) := Dom(5) n Dom(T*), 
(2.26) 

Q(si, S2) =(5si, 5S2) + (T*si, T*52) , for Si, S2 G Dom(Q). 

where T* is the Hilbertian adjoint of T. For the following result due essentially to Gaffney 
one may consuh [I33l Prop. 3.1.2, Cor. 3.3.4]. 

Lemma 2.8. Assume that the Hermitian manifold {X, 6) is complete. Then the Kodaira- 
Laplacian D^ : 0,1'' {X, F) — >r2^(X, F) is essentially self-adjoint. Its associated quadratic 
form is the form Q given by (I2.26D . 

We denote by i?'^®* the curvature of the holomorphic Hermitian connection V^®* on 
K^ = det(T(^'°)X). We have the following generalization of Theorems [23] and [ZE 
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Theorem 2.9 (Il33l Th. 6.1.1], [34, Th. 3.11]). Assume that {X, G) is a complete Hermit- 
ian manifold. Let (L, h^) and {E, h^) Hermitian holomorphic vector bundles of rank one 
and r, respectively. Suppose that there exist e > 0, C > such that : 

(2.27) ^/^R^ > ee , v^iR"^'' + R^) > -C@ Ids , \d@\gTx < C, 

Then there exists Ci > and po ^^ such that for p ^ Po the quadratic form Qp associated 
to the Kodaira-Laplacian Dp := n^^®^ satisfies 

(2.28) Qp(s,5)^Cip||s||^., forseDom{Qp)nn1^^{X,I/®E),q>0. 
Especially 

(2.29) H°i){X, LP®E) = Q, for p ^ po, q > 

and the spectrum Spec(np) of the Kodaira Laplacian Dp acting on I/^(X, L'p®E) is contained 
in the set {Q}yj [pCi,oo[. 

Thus we are formally in a similar situation as in the compact case, that is, the higher 
L^ cohomology groups vanish. But we cannot invoke as in the compact case the index 
theorem to estimate the dimension of L^ holomorphic sections of L^ ® E. Instead we 
can use an analogue of the local index theorem, namely the asymptotics of the Bergman 
kernel. Let us denote by ai, . . . , a„ the eigenvalues of ^^^R^ with respect to 6. 

Theorem 2.10 (QMl Cor. 3.12]). Under the hypotheses of Theorem\Z9\we have 

(2.30) Pj,(a;,a;)=p"6o(a;) + C»(p"-^), p ^ oo , 
uniformly on compact sets, where bo = ai . . . an Id^. Hence 

(2.31) liminfp-"dimif?2i(^.^^ ® E) ;^ ^^^ / (^R^Y. 

p — j-oo y^i^ n\ Jx \ J 

The asymptotics (I2.30D are a particular case of the full asymptotic expansion of the 
Bergman kernel, see Corollary l2.15l It can be also deduced with the help of L^ estimates 
of Hormander as done by Tian [42] . The estimate (I2.31D shows that dim H^^) (-^. LP®E) 
has at least polynomial growth of degree n. It follows from Fatou's lemma, applied on X 
with the measure 6"/n! to the sequence p " Tr^ Pp(x, x) which converges pointwise to 
Tib 6o on X. 

2.3. Model situation: Bergman kernel on C". We introduce here the model operator, 
a Kodaira-Laplace operator on C", and describe explicitly its spectrum. The expansion 
of the Bergman and Toeplitz kernels will be expressed in terms of the kernel of the 
projection on Ker(^). Our whole analysis and calculations are based on the Fourier 
expansion with respect to the eigenfunctions of =Sf . 

Let us consider the canonical real coordinates [Zi, . . . , Z2n) on M^" and the complex 
coordinates (zi, . . . ,z„) on C". The two sets of coordinates are linked by the relation 
Zj = Z2j-\ + \/^Z2j, j = 1, . . . , n. We endow C" with the Euclidean metric g'^"^"'. The 
associated Kahler form on C" is 



2 3=1 
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We are interested in the space (L^(R^"), || • HlO of square integrable functions on R^" 
with respect to the Lebesgue measure. We denote by dZ = dZi • • • dZ2n the EucHdean 
volume form. For a = {ai,. . ., an) 6 N", z e C", put z" = zf ^ • • • z"". 

Let L = C be the trivial holomorphic line bundle on C" with the canonical section 
1 : C" ^> L, z H^ (z, 1). Let h^ be the metric on L defined by 

(2.32) |lU.(z) := exp(-f E"=i k,f ) = p{Z) for z G C" . 

The space of L^ -integrable holomorphic sections of L with respect to h^ and dZ is the 
classical Segal-Bargmann space of L^ -integrable holomorphic functions with respect to 
the volume form pdZ. It is well-known that {z^ : P G N"} forms an orthogonal basis of 
this space. 

To introduce the model operator ^ we set: 

(2.33) 6, = -2— + 7rz,, 6+ = 2— + 7rz,, ^ = J2b^bt ■ 

We can interpret the operator =Sf in terms of complex geometry. Let d be the Dolbeault 
operator acting on f2°'*(C",L) and let d '* be its adjoint with respect to the L^-scalar 
product induced by ^^'^" and h^. We have the isometry n°'*(C", C) -^ r2°'*(C", L) given 
by a H^ p~^a. If 

denotes the Kodaira Laplacian acting on f2°'*(C", L), then 

pDV^ :n°'*(C",C)^n°'*(C",C), 

j=l 9Jj 

pnV'|no.o = |^. 

The operator j^ is the complex analogue of the harmonic oscillator, the operators b, 6+ 
are creation and annihilation operators respectively. Each eigenspace of ^ has infinite 
dimension, but we can still give an explicit description. 

Theorem 2.11 ([33, Th. 4.1.20], flMl Th. 1.15]). The spectrum of ^ on L'^{R^'') is given 
by 

(2.34) Spec(^) = |47r|a| : a G N"| . 

Each X G Spec(^) is an eigenvalue of infinite multiplicity and an orthogonal basis of the 
corresponding eigenspace is given by 

(2.35) Bx = |6"(z^e-'^Sj^.lV2J : a G N" with 47r|a| = X, P e N"| 

where 6" := b"^ ■ • ■ 6°". Moreover, \J{Bx : A G Spec{^)} forms a complete orthogonal basis 
of L'^{M.^"'). In particular, an orthonormal basis of Ker(^) is 

(2.36) l^^(z) = (^)'/'z^e-'^Sj^>lV2 . ^ ^ j^nj _ 
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Let ^ : L2(R2") — > Ker(^) be the orthogonal projection and let ^{Z, Z') denote 
its kernel with respect to dZ' . We call <^{-,-) the Bergman kernel of =Sf. Obviously 
^{Z, Z') = E^ ipp{z)lpp{z') so we infer from (I2.36D that 

(2.37) ^{Z, Z') = exp ( - f Y,U {\z^? + \zl? - 2z,zl)) . 

2.4. Asymptotic expansion of Bergman kernel. In Sections I2.4H2.6I we assume that 

{X, u) is a compact Kahler manifold and (L, h^) is a Hermitian holomorphic line bundle 

satisfying (I2.15D . For the sake of simplicity, we suppose that Riemannian metric g'^-^ is 

the metric associated to u, that is, g'^-^{u, v) = u{u, Jv) (or, equivalently Q = oj). 

In order to state the result about the asymptotic expansion we start by describing our 

identifications and notations. 

Normal coordinates. Let a^ be the injectivity radius of {X, p^^). We denote by S^(x, e) 

and S^^^(0, e) the open balls in X and T^X with center x and radius e, respectively. Then 

the exponential map T^X 3 Z -^ exp^{Z) G X is a diffeomorphism from S'^^^(0,e) 

onto B-^{x,e) for e ^ a^ . From now on, we identify S^==-^(0,e) with B-^{x,e) via the 

exponential map for e ^ a^ . Throughout what follows, e runs in the fixed interval 

]0,a^/4[. 

Basic trivialization. We fix Xq e X. For Z G S^'^o^(o,e-) we identify (L^, /i|), (E^, ^f ) 

and (i/ (g) E)z to (L^;;,, /i^J, {Ex^,h^^) and (L^ (g) i/)^,;, by parallel transport with respect 

to the connections V^, V^ and V^^®^ along the curve 

'yz--[0,l]^u^expf^{uZ). 

This is the basic trivialization we use in this paper. 

Using this trivialization we identify / e ^°°(X, End{E)) to a family {/xo}xogx where 
fxo is the function / in normal coordinates near Xq, i.e., 

U, : S^^o^(o, e) ^ End(E,J, /,„(^) = / o exp^^(^) . 

In general, for functions in the normal coordinates, we will add a subscript Xq to indicate 
the base point Xq G X. Similarly, Pp{x,x') induces in terms of the basic trivialization 
a smooth section {Z,Z') t^ Pp^^^{Z,Z') of tt* End(E') over {{Z,Z') e TX Xx TX : 
\Z\,\Z'\ < e}, which depends smoothly on Xq- Here we identify a section S (E ^°° (tXxx 
TX, IT* End(.S)) with the family {Sx)xex, where S^ = S\t,-^x)- 

Coordinates on T^^X. Let us choose an orthonormal basis {Wt}"^i of T^J'°'X. Then 
e2j_i = -i^{wj + Wj) and e2j = ^^^{'^j — ^j)^ 3 = 1, • • • , ?^ form an orthonormal basis of 
TxqX. We use coordinates on T^^X ~ R^" given by the identification 

(2.38) R2" 3 (^1, . . . , Z2n) ^ E Z^^^ ^ ^-o^- 

i 

In what follows we also use complex coordinates z = (zi, . . . , z„) on C" ~ M^". 

Volume form on T^^X. Let us denote by dvTx the Riemannian volume form on {T^qX, g'^^'o-^), 

there exists a smooth positive function k^q : T^^X -^ R, satisfying 

(2.39) dvx{Z) = K,,{Z)dvTx{Z), K,,{0) = 1, 

where the subscript Xq of K^coi^) indicates the base point Xq G X. 

Sequences of operators. Let Qp : L'^{X,Lp E) — > L'^{X,U' ® E)he di sequence of 

continuous linear operators with smooth kernel 6p(-, •) with respect to dvx (e.g. 6p = 
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Tf^p). Let TT : TX Xx TX ^ X be the natural projection from the fiberwise product 
of TX on X. In terms of our basic triviaHzation, 6p(x, y) induces a family of smooth 
sections Z, Z' ^ @p,xo{Z, Z') of tt* End(E) over {{Z, Z') e TX Xx TX : \Z\, \Z'\ < e}, 
which depends smoothly on Xq. 

We denote by \@p^x^{Z, Z')\cgi(^x) the ^' norm with respect to the parameter xq G X. 
We say that 

@p,,,{Z,Z') = 0{p-^), p^(x> 

if for any /, m e N, there exists Ci^rn > such that \@p^x^{Z, Z')\^gm.(^x) ^ Ci^rnP^'- 

The asymptotics of the Bergman kernel will be described in terms of the Bergman 
kernel ^xo{-, •) = ^{-r) oithe model operator ^ on T^^^X = R^". Recall that ^(^ •) 
was defined in (12371) . 

Notation 2.12. Fix A; G M and e' 6 ]0, a^[ . Let 

{Qr,,, e End(£;),J^, Z'] : 0^r^k,XoeX} 

be a family of polynomials in Z, Z', which is smooth with respect to the parameter Xq G 
X. We say that 

(2.40) p-"e,,,,(^, z') - J2iQr,^o^.o){Vpz, Vpz')p-''^ + o{p-^^^'y^) , 

on {{Z, Z') e TX Xx TX : \Z\, \Z'\ < e'} if there exist Co > and a decomposition 

p-ep,.,{z, z') - x:(g.,.o^xo)(v^^, Vpz'h-^^\z)K-^/\z')p-^/' 

= <ifp,,,^,{Z,Z') + 0{p-°°), 

where ^p,fc,xo satisfies the following estimate: for every I G N there exist Ckj > 0, M > 
such that for all p eN* 

(2.42) \%^,^,,{Z,Z')y:(x) < Cfc,^p-('=+i)/^(l + v^|^| + Vp|^'ire-^°^l^-^'l, 
on {{Z, Z') G TX Xx TX : \Z\, \Z'\ < e'}. 

The sequence Pp . We can now state the asymptotics of the Bergman kernel. First we 
observe that the Bergman kernel decays very fast outside the diagonal of X x X. 

Let f : M — )> [0, 1] be a smooth even function such that i{v) = 1 for \v\ ^ e/2, and 
f{v) = for \v\ ^ e. Set 

(2.43) F{a)=[ i{v)dv) / e'''^f{v)dv. 

\ J —oo J J —oo 

Then F{a) is an even function and lies in the Schwartz space S{M.) and F{0) = 1. 
We have the far ojf-diagonal behavior of the Bergman kernel: 

Theorem 2.13 C IITSl Prop. 4.1]). For any l,m e N and e > 0, there exists a positive 
constant Ci^rn,E > such that for any p ^ 1, x, x' G X, the following estimate holds: 

(2.44) \F{Dp){x,x') - Pp{x,x'%^^^^^^ ^ Ci^m^eP''. 
Especially, 

(2.45) \Pp{x,x')\^^^^xxx)^Ci,m,eP'\ ou {{x, x') ^ X X X : d{x, x') ^ s} . 
The ^"^ norm in ^i2A4\i and (12:45]) is induced by V^ V^, h^, h^ and g^^. 
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Next we formulate the near ojf-diagonal expansion of the Bergman kernel. 

Theorem 2.14 ([15, Th. 4.18']). There exist polynomials J^,^^ G Bnd(E^)^J.^, Z'] in Z, Z' 
with the same parity as r, such that for any A; G N^ e g]0, a-^ /A[, we have 

(2.46) p-"Pp,xo(^, Z') - ^(J,,,„^,J(v^^, V^^Op"' + Oip-'i') , 

r=0 

on the set {{Z, Z') G TX Xx TX : \Z\, \Z'\ < 2e}, in the sense of Notation^A2\ 

Let us briefly explain the idea of the proof for Theorems l2.13l - [2J4l Using the spec- 
tral gap property from Theorem 12.51 we obtain (I2.44D . By finite propagation speed of 
solutions of hyperbolic equations, we obtain that F{Dp){x,x') = if d{x,x') ^ e and 
F{Dp){x, •) depends only on the restriction Dp\B{x,e), so (I2.45D follows. This shows that 
we can localize the asymptotics of Pp{xo, x') in the neighborhood of Xq. By pulling back 
all our objects by the exponential map to the tangential space and suitably extending 
them we can work on M?". Thus we can use the explicit description of the Bergman ker- 
nel of the model operator ^ given in Section [2?3l To conclude the proof, we combine the 
spectral gap property, the rescaling of the coordinates and functional analytic techniques 
inspired by Bismut-Lebeau [5, §11]. 



By setting br{xo) = {J2r,xo^xo){^^0)^ ^^ g^t from 02.46D the following diagonal ex- 
pansion of the Bergman kernel. 



Corollary 2.15. For any A;, Z G N, there exists Ck,i > such that for any p G N, 
(2.47) 



Pp{x,x)-Y,K{x)p" 

r=0 



k 



where bo{x) = Id^. 



The existence of the expansion fl2.47D and the form of the leading term was proved by 

The calculation of the coefficients br is of great importance. For this we need Jr,xo> 
which are obtained by computing the operators ^r, xo defined by the smooth kernels 

(2.48) ^r,xo{Z, Z') = Jr,xo{Z, Z')^{Z, Z') 

with respect to dZ'. Our strategy (already used in Il33l [341] ) is to rescale the Kodaira- 

Laplace operator, take the Taylor expansion of the rescaled operator and apply resolvent 

analysis. 

Rescaling Dp and Taylor expansion. For s G '^°°(]R2", Ex^), Z eM?", \Z\ < 2e, and for 

t = j=^, set 

{Sts){Z):=s{Z/t), 
^ ^ ^ ^, := 5,-i«V2 ^2(2 np)H,-'/^S, . 

Then by [[33l Th. 4.1.7], there exist second order differential operators Or such that we 
have an asymptotic expansion in t when i — ;> 0, 

m 

(2.50) ^t = ^0 + E ^'^^ + ^{t"^')- 
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From [I33l Th. 4.1.21,4.1.25], we obtain 

(2.51) -^0 = E bjb^ = ^, Oi = 0. 

j 

Resolvent analysis. We define by recurrence /r.(A) G End(L^(]R^", E^o)) by 

(2.52) /o(A) = (A - ^or\ /.(A) = (A - ifo)"' E 0,7.-,(A). 

Let 5 be the counterclockwise oriented circle in C of center and radius 7r/2. Then by 
11341 (1.110)] (cf. also [131 (4.1.91)]) 

(2.53) ^r,.o = TT^r^ I fr{X)dX. 

Z'Ky^ — l JS 

Since the spectrum of ^ is well understood we can calculate the coefficients ^r, xo ■ 
Set ^-L = Id-^. From Theorem [ZTTl (12311) and (12331) . we get 

(2.54) ^2,xo = - ^'^^^02^ - S^02^'^S^^, 



and 



=^4,xo = ££'^S^^02^'^3^^02^ - S£-^3^^0^3^ 



(2.55) 



- 0^023^02^-'^ 3^^ - S^^^e-^ 02^^023^. 
In particular, the first two identities of G2.54D imply 

(2.56) Jo,xo = 1. -^i.xo = 0. 

In order to formulate the formulas for 6i and &2 we introduce now more notations. 
Let V^^ be the Levi-Civita connection on {X,g'^^). We denote by R'^^ = (V^^)^ the 
curvature, by Ric the Ricci curvature and by r^ the scalar curvature of V"^^. 

We still denote by V^ the connection on End(E') induced by V^. Consider the (pos- 
itive) Laplacian A acting on the functions on (X, 5-^^) and the Bochner Laplacian A^ 
on '>f°°{X,E) and on ^°°(X,End(E')). Let {sk} be a (local) orthonormal frame of 
(TX,^^^). Then 

(2.57) ^^ = -UKK-KrJ- 



k 



Let f^5'''(X, End(E')) be the space of {q, r)-forms on X with values in End(£'), and let 
(2.58) V^'° : Q^''{X, End(S)) -^ fl«+^'*(X, End(^)) 



E* 



be the (1,0) -component of the connection V^. Let (V^)*, V^'°*,(9 be the adjoints of 



^E 



V^, V^'°,5 , respectively. Let D'^'°,D°''^ be the (1,0) and (0, 1) components of the con- 
nection V^*^ : <^°°(X,T*X) -^ '^°°{X,T*X T*X) induced by V^^. In the following, 
we denote by 

(• , •)^ : n'''{X, End(^)) x n'''{X, End(E)) -^ ^°°(X, End(^)) 
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the C-bilinear pairing (a /, yS (8) g)^ = {oc, P)f ■ g, for forms oc,P <E Q*'*{X) and sections 
f,g e^°°(X,End(^)). Put 

(2.59) Rf = (R^,uj 



■A 

Let RiCtj = Ric(7-, •) be the (1, l)-form associated to Ric. Set 



i<3 




i<j k 


Theorem 2.16. We have 






(2.60) 


6i = ^r^ + 

Stt 


27r ^^ 


n'b2 = - 


" 48 ' 96 ^ " 


- 24 ^^^ 



' 128^ ' 
^2-61) + ^ (^2r^i?f - 4(Ric,, i?^), + A^Rf 

- ^(i?f )^ + ^(i?^ i?^). + ^a^*vi-°*i?^ 

The terms bi, 62 were computed by Lu [I281I (for E = C, the trivial hne bundle with 
trivial metric), X. Wang [i45]| , L. Wang ||44ll , in various degree of generality. The method 
of these authors is to construct appropriate peak sections as in [42], using Hormander's 
L^ 9-method. In ITS', §5.1], Dai-Liu-Ma computed 61 by using the heat kernel, and in 
[1341 §2], [[321 §2] (cf. also [33, §4.1.8, §8.3.4]), we computed bj in the symplectic case. 
A new method for calculating 62 was given in [[36[[ . 

2.5. Asymptotic expansion of Toeplitz operators. We stick to the situation studied 
in the previous Section, namely, (X, u) is a compact Kahler manifold and (L, h^) is a 
Hermitian holomorphic line bundle satisfying (I2.15D . and g'^-^ is the Riemannian metric 
associated to u. 
In order to develop the calculus of Toeplitz kernels we use the Bergman kernel expansion 



([2.46D and the Taylor expansion of the symbol. We are thus led to a kernel calculus on C" 
with kernels of the form Fl^, where F is a polynomial. This calculus can be completely 
described in terms of the spectral decomposition G2.34D - (I2.35D of the model operator =Sf. 

For a polynomial F in Z, Z', we denote by F^ the operator on L^(]R^") defined by the 
kernel F{Z, Z')^{Z, Z') and the volume form dZ according to ([271) . 

The following very useful Lemma [33, Lemma 7.1.1] describes the calculus of the 
kernels {F^){Z, Z') := F{Z, Z')^{Z, Z'). 

Lemma 2.17. For any F,G (E C[Z, Z'] there exists a polynomial ,je[F, G] G C[Z, Z'] with 
degree deg J^[F, G] of the same parity as deg F + deg G, such that 

(2.62) ((F^) o {G^)){Z, Z') = J^[F, G]{Z, Z')^{Z, Z'). 

Let us illustrate how Lemma [2.171 works. First observe that from fl2.33D and fl2.37D , 
for any polynomial g{z,z) G C[z, z], we get 

b, ,, ^{Z, Z') = 27r(z, - zj)^(^, Z'), 
[9{z,z),bj,,\ = 2—g{z,z). 
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Now (12^631) entails 

(2.64) z, ^{Z, Z') = ^ ^{Z, Z') + z'^(^, Z'). 

27r 

Specializing (I2.63D for g{z,z) = z^ we get 

(2.65) z,bj,,I^{Z,Z') = b,4z,I^){Z,Z') + 25,,^{Z,Z'), 
Formulas (IZ64l) and (|Z65]) give 



(2.66) z,z, <^(^, ^') = ^ bj ,, z,^(^, Z') + - 5,,^{Z, Z') + z,z' !3^{Z, Z') . 

ATT TT 

Using the preceding formula we calculate further some examples for the expression 
J^[F,G] introduced (I2.62D . We use the spectral decomposition of ^ in the following 
way. If (p{Z) = 6"z^exp ( - f E"=i \zj\^) with a,p <E N", then Theorem [MU implies 
immediately that 



(2.67) {^^){Z) 



z^ exp (^ - I f^ |z,f ) if|a| = 0, 
if lal > 0. 



The identities (|Z64l) , (IZ66l) and (|Z67]) imply that 

J^[Zi,Zj]^ = (Z,^) O {Zj^) = Z,^ O (Zj^) = ZjZJ^, 

(2.68) ^[z^, z,]^ = (z,^) o (z,^) = z,^ o (z,^) = z,z,^, 

^[z/,Zj]^ = (z/^) O (Zj^) = ^ O (z,Zj^) = H^j^ + ZiZ'^/^, 

J(f[zi,Zj\^ = {z[^) o {zj^) = ^ o {z^Zj^) = ^5^,^ + zlzj^. 
Thus we get 

jr[i, Zj] = zj, ^[1, Zj] = Zj, 

(2.69) jr[z,,Zj] = z^z-, J^[z„Zj] =z,Zj, 

^[zl,Zj] = Jlf[z'j,Zi] = H,j+zlzj. 

To simplify our calculations, we introduce the following notation. For any polynomial 
F eC[Z, Z'] we denote by (i?'^)j, the operator defined by the kernel p"{F^){^Z, ./pZ'), 
that is, 

(2.70) {{Fl^)pip){Z) = [ f'{F^){JpZ, JpZ')(p{Z') dZ' , for ^ (E L'(M'"). 

Let F,G ^ C[.^, Z']. By a change of variables we obtain 

(2.71) ((F^), o {G^),){Z, Z') = p-{{F^) o {G^)){^Z, ^Z'). 

We examine now the asymptotic expansion of the kernel of the Toeplitz operators Tf^p. 
The first observation is that outside the diagonal of X x X, the kernel of Tf^p has the 
growth 0'{p~°°), as p ^ 00. 

Lemma 2.18 ( 11351 Lemma 4.2]). For every e > and every /, m e N, there exists C/,^,^ > 
such that 



(2.72) \Tf^p{x,x')yrr.^xxX] ^ Ci^rn,eP 



-I 
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for all p ^ 1 and all (x, x') G X x X with d{x, x') > e, where the ^'^-norm is induced by 
V'^,V^andh^,h^,g^''. 

Proof. Due to (127451) . (f2?72l) holds if we replace Tf^p by Pp. Moreover, from (I2.46D . for 
any m e N, there exist Cm > 0, M^ > such that \Pp{x,x')ymf^xxx) < Cp^"" for all 
(x, x') G X X X. These two facts and formula (I2.10D imply the Lemma. D 

The near off-diagonal expansion of the Bergman kernel fl2.46D and the kernel calculus 



on C" presented above imply the near off-diagonal expansion of the Toeplitz kernels. 
(cf. [{351 Lemma 4.6], [{331 Lemma 7.2.4]) 

Theorem 2.19. Let f g '^°°(X,End(£?)). There exists a family 

{Qr,.oif) e End{EU[Z, Z']:re N, Xo G X} , 

depending smoothly on the parameter Xq G X, where Qr,xo{f) <^^^ polynomials with the 
same parity as r and such that for every A; G N, e g]0, a-^ /A[, 

(2.73) p-"T/,,,,„(^, Z') - j:iQr,^o{f)^.o){VpZ, VpZ')p-^^' + 0{p-^'+'y') , 

on the set {{Z, Z') G TX x^ TX : \Z\, \Z'\ < 2e}, in the sense of Notation\2A2\ Moreover, 
Qr,xo{f) ^^^ expressed by 






(2.74) Qr,xo{f)= E ^ 

ri+r2 + \a\=r 

where Jt[-, ■] was introduced in (I2.62D . We have, 

(2.75) Qo,xo{f) = f{xo)eEnd{E,,). 

Proof Estimates (IZTOl) and (fZ72l) learn that for \Z\, \Z'\ < e/2, Tf^p^^^{Z, Z') is deter- 
mined up to terms of order iff{p~°°) by the behavior of / in S^(xo, e). Let p : M — > [0, 1] 
be a smooth even function such that 

(2.76) p{v) = 1 ii \v\ < 2] p{v) = if \v\ > A. 
For \Z\, \Z'\ < e/2, we get 

Tf^p,^,{Z,Z') = i^{p-'-) 

^^■^^'' + / Pp,xo{Z, Z")p{2\Z"\/s)f^,{Z")Pp,^,{Z", Z')k^,{Z") dvTx{Z") . 

Jt^^x 

We consider the Taylor expansion of f^^ '■ 
(2.78) 



E p-i'^'/^^W^^+p-^^dvP^r^^). 



, ,^, dZ'^ ' ' a! 



We multiply now the expansions given in (12.781) and fl2.46D . Note the presence of k^^ in 



the definition G2.41D of (I2.40D . Hence we obtain the expansion of 

K'£{z)Pp^^Xz. z"){KxJx,){z")Pp,xdz", z')Kli\z') 

which we substitute in (12.771) . We integrate then on Tj,(,X by using the change of variable 
^Z" = W and conclude (12731) and (l274l) by using formulas (IZ62l) and (12711) . 
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From (12361) and (|Z74l) . we get 

(2.79) Qo.xoC/) = ^[1, /xo(0)] = /.o(0) = /(xo) . 

The proof of Lemma 12.191 is complete. D 

As an example, we compute Qi^^oif)- By (I2.50D . (I2.69D and (I2.74D we obtain 



(2.80) Qi,xo(/) = =^ 



i.f|m 






dzj (9zj 

Corollary 2.20. for any / G ^°°(X, End(£;)), we have 

oo 

(2.81) ry,,(x, x) = ^ ^./Cx)?"-" + ^(p-°°) , Kj G ^°°(X, End(S)) . 

r=0 

Proof. By taking Z = Z' = in (IZ73]) we obtain ((MH), with 6r.,/(x) = Q2r,x{f)- ^ 

Since we have the precise formula (12.731) for Q2r,x{f) we can give a closed formula 
for the first coefficients brj. In [361, we computed the coefficients b^j, 62,/, from (I2.81D . 
These computations are also relevant in Kahler geometry (cf. Il20ll . [|2Tll . Il26i1 ). 

Theorem 2.21 (flSS Th. 0.1]). For any f e '^°°{X, End{E)), we have: 

(2.82) 60,/ = /, ^, = ^/ + ^K/ + /i?f)-^A-/. 
Iffe't^°°{X), then 

ir'b2j = ir'b2f + ^AV - ^^''Af - ^( Ric^, 55/ 



1 / 7/- ,-rK t^k\ 1 / ,^ /• ,-fI n* t^rX l /-?; 1- -?;-B 



(2.83) +^L^/df.V^R^\ +±/df.V'''>*R^ 



+ V(#, V-i?f )^ + -{df, V^-i?-)^ - -(a/, d-R 
^(A/)i?f + ^(55/,i?^ 



3S 



8 ^ '' ''A 

2.6. Algebra of Toeplitz operators, Berezin-Toeplitz star-product. Lemma 12.181 and 
Theorem 12.191 provide the asymptotic expansion of the kernel of a Toeplitz operator 
Tf^p . Using this lemma we can for example easily obtain the expansion of the kernel of 
the composition Tf^pTg^p, for two sections /, p G ^°°(X, End(E)). The result will be an 
asymptotic expansion of the type fl2.73D . Luckily we can show that the existence of a such 
asymptotic expansion characterizes Toeplitz operators (in the sense of Definition I2.4D . 
We have the following useful criterion which ensures that a given family is a Toeplitz 
operator. 

Theorem 2.22. Let {Tp : L^{X,Lp ® E) — > L^iX,!/ ® E)} be a family of bounded 

linear operators. Then {Tp} is a Toeplitz operator if and only if satisfies the following three 

conditions: 

(i) For any peN, Pp Tp Pp = Tp. 

(ii) For any eo > and any I G N, there exists Ci^ eo > ^ ^"c/i that for all p ^ 1 and all 

{x, x') e X X X with d{x, x') > eo, 

(2.84) \Tp{x,x')\^Ci,,,p-K 

(Hi) There exists a family of polynomials {Qr,xo ^ ^^d{^)xo[^> ^']}xogx such that: 
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(a) each Qr^ ^o ^^ ^he same parity as r, 

(b) the family is smooth in Xq ^ X and 

(c) there exists Q < e' < a^ /A such that for every Xq G X, every Z, Z' G T^o^ v^ith 
\Z\, \Z'\ < e' and every A; G N we have 

k 

(2.85) p-"T,,,„(^, Z') - J2iQr,.o^^o){VpZ, VPZ')P-^ + Oip-"^), 

in the sense ofNotation \2.12\ 

Proof In view of Lemma 12.181 and Theorem 12.191 it is easy to see that conditions (i)- 
(iii) are necessary. To prove the sufficiency we use the following strategy. We define 
inductively the sequence {gi)i^o, gi G ^°°(X, End(£')) such that 

m 

(2.86) Tp = Y,Pp 9i P"' Pp + dCp""""^) , for every m ^ . 

Let us start with the case m = of (I2.86D . For an arbitrary but fixed Xq G X, we set 

(2.87) ^o(a;o) = Qo,xo(0, 0) G End(^,J . 
Then show that 

(2.88) p-"(Tp - T,,,,%,{Z, Z') - 0{p-') , 
which implies the case m = of (I2.86D . namely, 

(2.89) T, = P,goP, + 0{p-'). 
A crucial point here is the following result. 

Proposition 2.23 ( [35, Prop. 4.11]). In the conditions of Theorem \2.22\ we have 

Qo,xo(^,^') = So,xo(0,0) 

for all xo e X and all Z, Z' G T^^^- 

The proof is quite technical, so we refer to CSF, p. 585-90] for all the details. The idea 
is the following. We observe first that Qo.xo G End{Exo) o Ic^e[Z,Z'], and Qo.xo is a 
polynomial in z,z' (cf. [35, Lemma4.12]). For simplicity we denote F^ = Qo,x|c®s G 
End{Ex). Let F^ = X)i>o ^x^ be the decomposition of F^ in homogeneous polynomials 
FJ*^ of degree i. We show that i?"]*' vanish identically for i> 0, that is, 

(*) Fi'\z,z') = for alH > and z, z' G C" . 

To see this, we extend Fj*' to a section F(*'(x, y) in the neighbourhood of the diagonal 
of X X X and consider the poinwise adjoint F^'^^x, y) = {F^'^\y, x))*. By using a cut-off 
function rj in the neighbourhood of the diagonal we define operators F^'^^Pp and PpF^'''> 
having kernels 

v{d{x,y))F^'\x,y)Pp{x,y) and v{d{x,y))Pp{x,y)F^'\x,y) 

with respect to dvx{y)- Set 

^P = Tp- E {F^'^Pp)p'^'- 
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It turns out that there exists C > such that for every p > Po and s G L'^{X, 1/ E) we 
have 

(**) \\:7pS\\L2^Cp-'/^\\s\\L2, \\^;s\\l2^Cp-'/^s\\l2. 

Using (**) and comparing the the Taylor development of F'^^ in normal coordinates 
around x to the expansion of the Bergman kernel we obtain in [i35l Lemma 4. 14] 

— (x,0) = 0, for i- lal ^ 7 > 0. 

This implies (cf. Il35l Lemma 4.15]) 

F^\0, z') = for alH > and all z' G C" . 

The latter identity yields (*) (cf. [|35l Lemma 4.16]) and hence Proposition 12.231 

Coming back to the proof of (I2.88D . let us compare the asymptotic expansion of Tp and 
^90, p = Pp9o Pp- Using the Notation [2J2l the expansion fl2.73D (for A; = 1) reads 

(2.90) p-"T,„p,,,(^, Z') - (po(xo)^xo + Qi,xo(^o)^xoP-'/')(VP^, ^/vZ') + 0{p-') , 
since Qo,xo(5'o) = go{xo) by (I2.75D . The expansion (I2.85D (also for A; = 1) takes the form 

(2.91) p-"T,,,„ - {go{xo)^.o + 2i,xo^xoP-'/')(VP^, VpZ') + 0{p-') , 

where we have used Proposition 12.231 and the definition Q2.87D of po- Thus, subtracting 
(12:901) from 112^911) we obtain 

(2.92) p--{Tp-T,,,pU{Z,Z') - {{Qi,:.,-Qi,:.,{go))^.o){VpZ,VpZ')p-'^' + 0{p-'). 
Thus it suffices to prove: 

(2.93) Fi,. := Qi,x - QiASo) = . 



which is done in Il35l Lemma 4. 18]. This finishes the proof of (IZSSi) and (fZSgl) . Hence 
the expansion 02.86D of Tp holds for m = 0. Moreover, if Tp is self-adjoint, then from 
(4.70), (4.71) follows that Qq is also self-adjoint. 

We show inductively that (I2.86D holds for every m e N. To handle (I2.86D for m = 1 let 
us consider the operator p{Tp — PpQaPp)- The task is to show that p[Tp — Tg^^pj satisfies 
the h5^otheses of Theorem l2.22[ The first two conditions are easily verified. To prove the 
third, just subtract the asymptotics of Tp^x^{Z, Z') (given by (I2.85D ) and Tg^^p^^Z, Z') 
(given by (I2.73D ). Taking into account Proposition l2.23l and (I2.93D , the coefficients of p° 
and p~-^/^ in the difference vanish, which yields the desired conclusion. Proposition 12.231 
and (12:891) applied to p{Tp - PpQoPp) yield g^ G '^'^{X, End(£;)) such that ((2:861) holds 
true for m = 1. 

We continue in this way the induction process to get (i2.86D for any m. This completes 
the proof of Theorem [2:2^ D 

Recall that the Poisson bracket { • , • } on {X, 27rw) is defined as follows. For /, 5- G 
^°°(X), let if be the Hamiltonian vector field generated by /, which is defined by 
27ri^fOJ = df. Then 

(2.94) {f,9}:=if{dg). 
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Theorem 2.24 (Il35l Th. 1.1], [33, Th. 7.4.1]). The product of the Toeplitz operators Tf^p 
and Tg^p, with f,ge ^°°(X, End(E')), is a Toeplitz operator, i.e., it admits the asymptotic 
expansion in the sense of (I2.13D : 

oo 

(2.95) Tf^pTg^p = Y.p-'Tc.u,9),v + (^(p-°°). 

where Cr are bi- differential operators, Cr{f,g) G ^°°(X, End(E)), Co{f,g) = fg. 
Iff,9^ (^°°(^). {•. •}) with the Poisson bracket defined in (f2T94D . we have 

(2.96) [Tf,,,Tg,p] = ^T{/,,},, + 0{p'). 

Proof Firstly, it is obvious that PpTf^pTg^pPp = Tf^pTg^p. Lemmas [27T8] and [2?T9] imply 
Tf^pTg^p verifies (12:841) . Like in (I277D . we have for Z, Z' e T^^^, \Z\, \Z'\ < e/A: 

(2.97) {Tf,pTg,pU{Z,Z')= f Tf,p,,,{Z,Z")p{4\Z"\/s)Tg,p,,,{Z",Z') 

By Lemma [2?T9l and (fZgTI) . we deduce as in the proof of Lemma \U9[ that for Z, Z' e 
T,oX, \Z\, \Z'\ < e/A, we have 

(2.98) p-''{Tf,pTg,pU{z,z') - J2iQr,xo{f,g)^.o){Vpz,Vpz')p-" + o{p-'^), 



and with the notation (I2.62D . 



(2.99) Q.,xo(/,p)= E ^[Qn,xo(/),Q..,xo(p)]. 

ri+r2=r 

Thus T/^j,Tp^p is a Toeplitz operator by Theorem 12.221 Moreover, it follows from the 
proofs of Lemma 12.191 and Theorem 12.221 that gi = Ci{f,g), where Ci are bi-differential 
operators. 

From (l2:62l) . HHTTSh and (12:991) . we get 

(2.100) Co{f,g){x) = QoAf>9) = ^[QoAHQoAq)] = f{x)g{x) . 
The commutation relation (I2.96D follows from 

(2.101) C,{f,g){x) - C,{g,f){x) = V^{f,g} Id^ • 

There are two ways to prove fl2.101D . One is to compute directly the difference and to use 
some of the identities 02.68D . This method works also for symplectic manifolds, see [l35l 
p. 593-4], [1331 p. 311]. On the other hand, in the Kahler case one can compute explicitly 
each coefficient Ci{f,g) (which in the general symplectic case is more involved), and 
then take the difference. The formula for Ci{f,g) is given in the next theorem. This 
finishes the proof of Theorem |4.2[ D 

Theorem 2.25 ([36, Th. 0.3]). Let f,g e ^°°(X, End(.S)). We have 

Co{f,g)=fg, 

1 / 1 n . -^B 



(2.102) Ci(/,p) = -— (V^'°/,5 p) G^°°(X,End(^)), 

<^2{f,g) =b2,f,g - &2,/5 - &l,Ci(/,g). 



20 



Xiaonan Ma & George Marinescu Berezin-Toeplitz Quantization and its Kernel Expansion 
Iff.geViXlthen 

(2.103) ""^^^ '' = 5^ ^°"'^' "'"''^ "" ^ ^'"'"' '^ " ''^ 

The next result and Theorem |2 . 241 show that the Berezin-Toephtz quantization has the 
correct semi-classical behavior. 

Theorem 2.26. For f e ^°°(X, F,nd{E)), the norm ofTf^p satisfies 

(2.104) "^||T/,,|| = 11/11^ := sup \f{x){u)\,./\u\,.. 

Proof. Take a point Xq e X and Uq G E^^ with \uo\hB = 1 such that |/(xo)(uo)| = ll/lloo- 
Recall that in Section [2741 we trivialized the bundles L, E in normal coordinates near Xq, 
and Ci is the unit frame of L which trivializes L. Moreover, in this normal coordinates, 
Uq is a trivial section of E. Considering the sequence of sections SI = p^^/^Pp{ef^ (g) ■Uq), 
we have by (I2.46D , 



(2.105) ||t,,,5^„ - /(xo)5^4^ ^ ^ll^-lli^^ . 

which immediately implies (I2.104D . D 

Note that if / is a real function, then df{xo) = 0, so we can improve the bound Cp^^^^ 
in (12.1050 to Cp \ 



Remark 2.27. (i) Relations (I2.96D and fl2.104D were first proved in some special cases: 



in [124|| for Riemann surfaces, in lTT4ll for C" and in US]] for bounded symmetric domains 
in C", by using explicit calculations. Then Bordemann, Meinrenken and Schlichenmaier 
[71 treated the case of a compact Kahler manifold (with E = C) using the theory of 
Toeplitz structures (generalized Szego operators) by Boutet de Monvel and Guillemin 
Il9t]. Moreover, Schlichenmaier [39] (cf. also [123]1 . HTSlI ) continued this train of thought 
and showed that for any f,g ^ ^°°{X), the product Tf^p Tg^p has an asymptotic expansion 
fl4.5D and constructed geometrically an associative star product. 

(ii) The construction of the star-product can be carried out even in the presence of a 
twisting vector bundle E. Let /, ^ e <^°°(X, End(E)). Set 

oo 

(2.106) / *Kg:=Y.(^k{f,g)h^ e ^°°{x,EnA{E))[[h]] , 

fc=0 

where Cr{f, g) are determined bv Q4.5D . Then (I2.106D defines an associative star-product 
on "^""(X, End(£;)) called Berezin-Toeplitz star-product (cf. [23] [39]] for the Kahler case 
with E = C and [[33l [35 ] for the symplectic case and arbitrary twisting bundle E) . The 
associativity of the star-product (I2.106D follows immediately from the associativity rule 
for the composition of Toeplitz operators, {Tf^p o Tg^p) o Tk^p = Tf^p o {Tg^p o Tk,p) for any 
f,g,k G ^t§'°°{X, End(£')), and from the as)anptotic expansion 04.51) applied to both sides 
of the latter equality. 

The coefficients C^(/, p), r = 0, 1, 2 are given by (I2.102D . Set 

(2.107) {{f,g}} := -i— ((V^^.a"^/),, - {V''°f,d''g)^ . 
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If fg = gf on X we have 

(2.108) [Tf,,,T,,,]=^T^y,,yy,, + 0{p-'), p->oo. 



Due to the fact that {{/, g}} = {/, g} if E is trivial and comparing 02.96D to (I2.108D . one 



can regard {{/, g}} defined in (I2.107D as a non-commutative Poisson bracket. 

2.7. Quantization of compact Hermitian manifolds. Throughout Sections I2.4H2.6I we 
supposed that the Riemannian metric g'^-^ was the metric associated to u, that is, g'^-^{u, v) 
u{u, Jv) (or, equivalently, Q = cj). The results presented so far still hold for a general 
non-Kahler Riemannian metric g"^-^. 

Let us denote the metric associated to u by p^""^ := cj{-, J-). The volume form of 
5'w^ is given by dvx,u = {2iry^det{R^)dvx (where dvx is the volume form of g'^-^). 
Moreover, h^ := de\,{^)~^h^ defines a metric on E. We add a subscript u to indicate 
the objects associated to g'^-^ , h^ and h^. Hence ( •, •)^^ denotes the L^ Hermitian product 
on ^°°(X, L^ (g) E) induced by g'^-^ , h^, /if. This product is equivalent to the product 
( •, •) induced by g'^^, h^, h^ . 

Moreover, H°{X, L^ E) does not depend on the Riemannian metric on X or on the 
Hermitian metrics on L, E. Therefore, the orthogonal projections from {'if'^{X,]J' ® 
E),{-, ■)J and (^°°(X, U" E),{-, •)) onto H°{X, L^ ® E) are the same. Hence P^ = 
Pp^^j and therefore Tf^p = Tf^p^^ ^s operators. However, their kernels are different. If 
Pp,u{x,x'), Tf^u,p{x,x), ix,x' G X), denote the smooth kernels of Pp^^^, Tf^p^^ with re- 
spect to dvx,cj{x'), we have 

^2 ^Q9) Ppi^' ^') = (27r) "det(i?^)(x')Pp,.(^. ^') . 

Tf,p{x, x') = (27r)-"det(i?^)(x')T^,p,.(x, x') . 

Now, for the kernel Pp^i^{x,x'), we can apply Theorem 12. 141 since g'^'^{-, •) = oj{-, J-) is 
a Kahler metric on TX. We obtain in this way the expansion of the Bergman kernel for 
a non-Kahler Riemannian metric g'^-^ on X, see [33, Th. 4.1.1,4.1.3]. Of course, the 
coefficients bj. reflect in this case the presence of p^-^. For example 

(2.110) bo = det(i?^/(27r)) Id^, 



and 



(2.111) bi = — det 



1 , . fR^\ 



Stt — V27ry K " 2A^(log(det(i?^))) +4v^(i?^,a;) 

Using the expansion of the Bergman kernel Pp^ui{-,-) we can deduce the expansion of the 
Toeplitz operators Tf^p^^ and their kernels, analogous to Theorem |2.19[ CoroUarv 12.201 
and Theorem 12. 24[ By Q2.109D , the coefficients of these expansion satisfy 

.2 112) 6/,. = (27r)-"det(i?^)6^,,,<,, 

Cr{f,g) = C,Af>g). 

Since X is compact, fl2.109D allowed to reduce the general situation considered here 
to the case oj = Q and apply Theorem 12.161 However, if X is not compact, the trick of 
using (I2.109D does not work anymore, because the operator associated to g'^-^, h^, /if 
might not have a spectral gap. But under the hypotheses of Theorem 12.91 the spectral gap 
for Dp exists, so we can extend these results to certain complete Hermitian manifolds in 
the next section. 
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2.8. Quantization of complete Hermitian manifolds. We return to the general situa- 
tion of a complete manifold already considered in ^2.21 The following result, obtained 
in ||34l Th. 3.11], extends the asymptotic expansion of the Bergman kernel to complete 
manifolds. 

Theorem 2.28. Let {X, G) be a complete Hermitian manifold, (L, h^), {E, h^) be Hermit- 
ian holomorphic vector bundles of rank one and r, respectively. Assume that the hypotheses 
of Theorem \2.9\ are fulfilled. Then the kernel Pp{x,x') has a full off-diagonal asymptotic 
expansion analogous to that of Theorem \2.14\ uniformly for any x, x' ^ K, a compact set of 
X. If L = Kx '■= det(T*(^'°'X) is the canonical line bundle on X, the first two conditions 
in (5.5) are to be replaced by 

h^ is induced by G and V^R'^^^ < -e@, V^R^ > -CB Id^ • 



The idea of the proof is that the spectral gap property (I2.28D of Theorem 12.91 allows 
to generalize the analysis leading to the expansion in the compact case (Theorems 12.131 
and 12.141) to the situation at hand. 

Remark 2.29. Consider for the moment that in Theorem 12.281 we have G = ^^R^. 
Since in the proof of Theorem 12.281 we use the same localization technique as in the 
compact case, the coefficients J^^j, in the expansion of the Bergman kernel (cf. (I2.46D ). 
in particular the coefficients br{x) = J2r,x{x) of the diagonal expansion have the same 
universal formulas as in the compact case. Thus the explicit formulas from Theorem 
12.161 for 6i and 62 remain valid in the case of the situation considered in Theorem 12.281 
Moreover, in the general case when ^^^R^ > £& (for some constant e > 0), the first 
formulas in (I2.109D and (I2.110D . (I2.111D are still vahd. 

Let '^^^^^{X, End(£')) denote the algebra of smooth sections of X which are constant 
map outside a compact set. For any / e ^^'^^^^(X, End(£?)), we consider the Toeplitz 
operator (T/:_p)p£N as in Q2.9D . The following result generalizes Theorems 14.21 and 12.261 
to complete manifolds. 

Theorem 2.30 ([l35l Th. 5.3]). Let {X, G) be a complete Hermitian manifold, let {L, h^) 
and {E, h^) be Hermitian holomorphic vector bundles on X of rank one and r, respectively. 
Assume that the hypotheses of TheoremWMare fulfilled. Let f,g e ^~„3t(-^. End(£;)). Then 
the follov^ing assertions hold: 

(i) The product of the two corresponding Toeplitz operators admits the asymptotic ex- 
pansion Q4.5D in the sense of fl2.13D . where Cr are bi-differential operators, especially, 
supp(a(/,p)) C supp(/) nsupp(p), and Co{f,g) = fg. 
(ii) Iff,g(E %ZJX), then I^M holds. 
(Hi) Relation (I2.104D also holds for any f e '^~nst(^. End(S)). 
(iv) The coefficients Cr{f, g) are given by Cr{f, g) = Cr,u{f, g), where u = ^^R^ (compare 

dlHD). 

3. Berezin-Toeplitz quantization on Kahler orbifolds 

In this Section we review the theory of Berezin-Toeplitz quantization on Kahler orb- 
ifolds, especially we show that set of Toeplitz operators forms an algebra. Note that the 
problem of quantization of orbifolds appears naturally in the study of the phenomenon 



23 



Xiaonan Ma & George Marinescu Berezin-Toeplitz Quantization and its Kernel Expansion 

of "quantization commutes to reduction", since the reduced spaces are often orbifolds, 
see e.g. [30], or in the problem of quantization of moduH spaces. 

Complete explanations and references for Sections 13.11 and 13.21 are contained in [l33l 
§5.4], [l35[ §6]. Moreover, we treat there also the case of symplectic orbifolds. 

This Section is organized as follows. In Section 13.11 we recall the basic definitions 
about orbifolds. In Section [372] we explain the asymptotic expansion of Bergman kernel 
on complex orbifolds [JTSl §5.2], which we apply in Section [373] to derive the Berezin- 
Toeplitz quantization on Kahler orbifolds. 

3.1. Preliminaries about orbifolds. We begin by the definition of orbifolds. We define 

at first a category Ms as follows : The objects of Ms are the class of pairs (G, M) where 

M is a connected smooth manifold and G is a finite group acting effectively on M (i.e., 

if g E G such that gx = x for any x G M, then g is the unit element of G) . Consider 

two objects {G,M) and {G',M'). For g e G',(p e ^, we define g(p : M ^ M' hy 

{g(p){x) = g{(p{x)) for x e M. A morphism # : (G, M) -^ (G', M') is a family of open 

embeddings ip : M ^>^ M' satisfying : 

i) For each ^ G #, there is an injective group homomorphism A^ : G ^^ G' that makes (p 

be A^-equivariant. 

ii) If {g^p){M) n ^(M) ^ 0, then g e A^(G). 

iii) For (p ^ ^, we have "I" = {gcp, g G G'}. 

Definition 3.1 (Orbifold chart, atlas, structure). Let X be a paracompact Hausdorff 
space. An m-dimensional orbifold chart on X consists of a connected open set U of 
X, an object {Gu,U) of Ms with dim.U = m, and a ramified covering tu : U ^^ U 
which is Gi7-invariant and induces a homeomorphism U ~ U/Gu- We denote the chart 
hy {Gu,U)^U. 

An m-dimensional orbifold atlas V on X consists of a family of m-dimensional orbifold 
charts V{U) = {{Gu, U) -^ U) satisfying the following conditions : 
(i) The open sets U C X form a covering U with the property: 

For any U,U' eU and x eUnU', there exists U" G U 
f3 1) 

such that xeU" CUD U'. 

(ii) For any U,V e U,U C V there exists a morphism (pvu '■ {Gu, U) ^ {Gy, V), which 
covers the inclusion U C V and satisfies ipwu = fwv ° Vvu for any U,V,W G U, with 
U CV CW. 

It is easy to see that there exists a unique maximal orbifold atlas Vmax containing V; 
Vmax consists of all orbifold charts {Gu, U) -^ U, which are locally isomorphic to charts 
from V in the neighborhood of each point of U. A maximal orbifold atlas Vmax is called 
an orbifold structure and the pair {X, Vmax) is called an orbifold. As usual, once we have 
an orbifold atlas V on X we denote the orbifold by {X, V), since V uniquely determines 

''max • 

In Definition 13.1! we can replace A^., by a category of manifolds with an additional 
structure such as orientation, Riemannian metric, almost-complex structure or complex 
structure. We impose that the morphisms (and the groups) preserve the specified struc- 
ture. So we can define oriented, Riemannian, almost-complex or complex orbifolds. 
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Definition 3.2 (regular and singular set). Let (X, V) be an orbifold. For each x G X, 
we can choose a small neighborhood {Gx,Ux) -^ U^ such that a; G C/x is a fixed point 
of Gx (it follows from the definition that such a G^ is unique up to isomorphisms for 
each X ^ X). We denote by \Gx\ the cardinal of G^^. If IG^^I = 1, then X has a smooth 
manifold structure in the neighborhood of x, which is called a smooth point of X. If 
\Gx\ > 1, then X is not a smooth manifold in the neighborhood of x, which is called a 
singular point of X. We denote by Xging = {x G X; \Gx\ > 1} the singular set of X, and 
Xreg = {x E X; |Gj;| = 1} the regular set of X. 

It is useful to note that on an orbifold (X, V) we can construct partitions of unity. First, 
let us call a function on X smooth, if its lift to any chart of the orbifold atlas V is smooth 
in the usual sense. Then the definition and construction of a smooth partition of unity 
associated to a locally finite covering carries over easily from the manifold case. The 
point is to construct smooth Gy-invariant functions with compact support on (Gy, U). 

Definition 3.3 (Orbifold Riemannian metric). Let (X, V) be an arbitrary orbifold. A 
Riemannian metric on X is a Riemannian metric g'^-^ on Xreg such that the lift of g'^-^ to 
any chart of the orbifold atlas V can be extended to a smooth Riemannian metric. 

Certainly, for any (Gy, U) G V, we can always construct a Gu-invariant Riemannian 
metric on U. By a partition of unity argument, we see that there exist Riemannian metrics 
on the orbifold (X,V). 

Definition 3.4. An orbifold vector bundle E over an orbifold (X, V) is defined as follows : 
E is an orbifold and for any U Eli, {G§,pu : Eu ^^ U) is a G^-equivariant vector bundle 
and {G§,Eu) (resp. (Gy = G§/K§,U), where K§ = ker(Gf -^ Diffeo(C/))) is the 
orbifold structure of E (resp. X). If G§ acts effectively on t/ for t/ G U, i.e. K§ = {1}, 
we call E a proper orbifold vector bundle. 

Note that any structure on X or £? is locally G^ or Gf^-equivariant. 

Let E be an orbifold vector bundle on (X, V). For U e U, let E^ be the maximal 
i^"^ -invariant sub-bundle of Eu on U. Then {Gu,E^) defines a proper orbifold vector 
bundle on (X, V), denoted by E^\ 

The (proper) orbifold tangent bundle TX on an orbifold X is defined by {Gu, TU —> 
U), for U E U. In the same vein we introduce the cotangent bundle T*X. We can form 
tensor products of bundles by taking the tensor products of their local expressions in the 
charts of an orbifold atlas. 

Let £? — > X be an orbifold vector bundle and A; G N U {oo}. A section s : X ^ £7 is 
called 'rf' if for each U E U, s\u is covered by a Gy -invariant 'rf' section Su : U ^^ Eu. 
We denote by 'to^{X, E) the space of "^^ sections of E on X. 

Integration on orbifolds. If X is oriented, we define the integral /x; ct for a form a over 
X (i.e. a section of A(T*X) over X) as follows. If supp(a) C U EU set 



(3.2) [ a:-- 

Jx 



\Gu\ Ju 



\,OLu. 



It is easy to see that the definition is independent of the chart. For general a we extend 
the definition by using a partition of unity. 
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If X is an oriented Riemannian orbifold, there exists a canonical volume element dvx 
on X, which is a section of A'"(T*X), m = dimX. Hence, we can also integrate func- 
tions on X. 

Metric structure on orbifolds. Assume now that the Riemannian orbifold {X, V) is com- 
pact. We define a metric on X by setting for x,y ^ X, 

d{x,y) = Inf^l Z^It^ \fM^)\dt\y : [0, 1] ^ X,7(0) = x,7(l) = y, 

such that there exist to = < U < ■ ■ ■ < tk = l,'y{[U^i, U]) C U^, 
U, e U, and a '^°° map 7, : [t,_i, U] -^ U^ that covers 7|[t,_i,t,] [• 

Then {X, d) is a metric space. For x ^ X, set d{x, Xsjng) := infygx^ing ^(a;, y)- 
Kernels on orbifolds. Let us discuss briefly kernels and operators on orbifolds. For any 
open setU C X and orbifold chart {Gu, U) -^ U, we will add a superscript ~ to indicate 
the corresponding objects on U. Assume that K{x, x') G '^°°{U x tj, ttIE <S) -^2^*) verifies 

(3.3) {g,l)}C{g-'x,x') = {l,g-')iC{x,gx') foranypeGy, 

where (^1,^2) acts on E~ x Ei, by (^i,^2)(6.6) = (^16.^26)- 
We define the operator JC : "^^{U, E) -^ ^°°(f/, E) by 

(3.4) {K s)ix) = f K{x,x')six')dvf'j{x') for s e "^^(U, E) . 

Ju 

For s e ^°°(t/, S) and g e Gu, g acts on ^°°(t/, E) by: (^ • s)(£) := g ■ s{g-^x). We can 
then identify an element s e '^°°{U, E) with an element s G ^°°(f/, E) verifying g -s = s 
for any g e G[/. 
With this identification, we define the operator K : "^^{U, E) -^ ^°°(C/, E) by 

(3.5) {Ks){x) = -^ [K{x,x')s{x')dv^{x') for s e "t^^ {U, E) , 

where x G ^^(x). Then the smooth kernel /C(x,x') of the operator K. with respect to 
dvx is 

(3.6) /C(x, x') = J2 (9, l)iC{g-'x,x'). 

g&Gu 

Let /Ci, /C2 be two operators as above and assume that the kernel of one of Ki, K2 has 
compact support. By (13. 2D . (13. 3D and (13. 5D . the kernel of /Ci o K2 is given by 

(3.7) {K^ o X:2)(x, x') = Y. (9, l)(^i ° /C2)(p-'x, x'). 

3.2. Bergman kernel on Kahler orbifolds. In this section we study the asymptotics of 

the Bergman kernel on orbifolds. 

Dolbeault cohomology of orbifolds. Let X be a compact complex orbifold of complex 

dimension n with complex structure J. Let E he a holomorphic orbifold vector bundle 

onX. 

Let i^x be the sheaf over X of local G^r-invariant holomorphic functions over U, for 
U e U. The local G§ -invariant holomorphic sections oi E -^ U define a sheaf i^x{E) 
over X. Let H'{X, &x{E)) be the cohomology of the sheaf &x{E) over X. Notice that 
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by Definition, we have ffx{E) = ffxi^^^)- Thus without lost generahty, we may and will 
assume that £/ is a proper orbifold vector bundle on X. 

Consider a section s G "^""(X, E) and a local section s G '^°°{U, Ey) covering s. Then 

d "s covers a section of T*^°'^>X ® E over U, denoted d s\u- The family of sections 
{d s\u : U ^ U} patch together to define a global section d s of T*(°''^'X ® E over X. 
In a similar manner we define d a for a 'if°° section a of A{T*^°'^^X) E over X. We 
obtain thus the Dolbeault complex (f^°'*(X, E),d^) : 

(3.8) -^ fl°'°(X, ^) ^ • • • ^ f^°'"(X, ^) -^ 0. 
From the abstract de Rham theorem there exists a canonical isomorphism 

(3.9) H'{Q°''{X,E),d^) ~ H'{X,^x{E)). 

In the sequel, we also denote H'{X, ffx{E)) by H'{X, E). 

Prequantum line bundles. We consider a complex orbifold (X, J) endowed with the 
complex structure J. Let p^^ be a Riemannian metric on TX compatible with J. There 
is then an associated (1, l)-form 6 given by @{U, V) = g'^-^{JU, V). The metric g'^-^ is 
called a Kahler metric and the orbifold {X, J) is called a Kdhler orbifold if 6 is a closed 
form, that is, d@ = 0. In this case is a symplectic form, called Kahler form. We will 
denote the Kahler orbifold by (X, J, 6) or shortly by (X, 6). 

Let (L, h^) be a holomorphic Hermitian proper orbifold line bundle on an orbifold X, 
and let {E, h^) be a holomorphic Hermitian proper orbifold vector bundle on X. 

We assume that the associated curvature R^ of (L, h^) verifies fl2.15D . i.e., (L, h^) is a 
positive proper orbifold line bundle on X. This implies that w := ^^^R^ is a Kahler form 
on X, (X, u) is a Kahler orbifold and (L, h^, V^) is a prequantum line bundle on (X, u). 

Note that the existence of a positive line bundle L on a compact complex orbifold 
X implies that the Kodaira map associated to high powers of L gives a holomorphic 
embedding of X in the projective space. This is the generalization due to Baily of the 
Kodaira embedding theorem (see e.g. [l33l Theorem 5.4.20]). 

Hodge theory. Let g'^^ = oj{-, J-) be the Riemannian metric on X induced by a; = ^^i?^. 
Using the Hermitian product along the fibers of LP, E, A{T*^°'^^X), the Riemannian 
volume form dvx and the definition 03. 2D of the integral on an orbifold, we introduce an 
L^-Hermitian product on f2°'*(X, U'®E) similar to (12. ID . This allows to define the formal 
adjoint d ' of 5 and the operators Dp and Dp as in (I2.14D . Then D'^ preserves the 
Z-grading of QP''{X, LP ® E). We note that Hodge theory extends to compact orbifolds 
and delivers a canonical isomorphism 

(3.10) H^{X, L/®E)2^ Kev{Dl\no,,). 

Spectral gap. By the same proof as in pST, Theorems 1.1, 2.5], [[61 Theorem 1], we get 
vanishing results and the spectral gap property. 

Theorem 3.5. Let (X, u) be a compact Kdhler orbifold, (L, h^) be a prequantum holomor- 
phic Hermitian proper orbifold line bundle on (X, u) and {E, h^) be an arbitrary holomor- 
phic Hermitian proper orbifold vector bundle on X. 
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Then there exists C > such that for any p G N 

(3.11) Spec(D^)c{0}u]47rp-C,+oo[, 

and Dp\QO,>o is invertible for p large enough. Consequently, we have the Kodaira-Serre 
vanishing theorem, namely, for p large enough, 

(3.12) H^{X,I/®E) = 0, for every g>0. 

Bergman kernel. As in ^2.11 we define the Bergman kernel as the smooth kernel with 
respect to the Riemannian volume form dvx{x') of the orthogonal projection (Bergman 
projection) Pp from ^°°(X, L^ E) onto H°{X, 1/ ® E). 

Let dp = dim if °(X,L^ E) and consider an arbitrary orthonormal basis {Sf}^^i of 
H°{X, LP (g) E) with respect to the Hermitian product (|2J]) and (l3^ . In fact, in the local 
coordinate above, 5f (z) are Gj; -invariant on U^, and 

(3.13) Pp{y, y') = ^ Sf{y) ® {Sf{y')y, 

1=1 

where we use y to denote the point in U^ representing y ^U^- 

Asymptotics of the Bergman kernel. The Bergman kernel on orbifolds has an asymptotic 
expansion, which we now describe. We follow the same pattern as in the smooth case. 
The spectral gap property 03. lift shows that we have the analogue of Theorem l2.13l with 
the same F as given in (12. 43ft : 

(3.14) \Pp{x, X') - F{Dp){x, X')ym^xxx) < Ci,m,eP'' ■ 

hs pointed out in [l29ll , the property of the finite propagation speed of solutions of 
hyperbolic equations still holds on an orbifold (see the proof in Il33l Appendix D.2]). 
Thus F{Dp){x,x') = for every for x,x' ^ X satisfying d{x,x') ^ e. Likewise, given 
X G X, F{Dp){x, ■) only depends on the restriction of Dp to B-^{x, e). Thus the problem 
of the asymptotic expansion of Pp(x, •) is local. 

For any compact set K C X^.^^, the Bergman kernel Pp{x, x') has an asymptotic expan- 
sion as in Theorem 12. 141 by the same argument as in Theorem 12. 131 

Let now x <E Xsing and let {Gu, U) -^ U be an orbifold chart near x. We recall that 
for every open set U C X and orbifold chart {Gu, U) -^ U, we add a superscript " to 
indicate the corresponding objects on U. Let dU = U \U, Ui = {x ^ U, d{x, dU) ^ e}. 
Then F(Dp){x,x') is well defined for x,x' e Ui = %^(C/i). Since g ■ F{Dp) = F(Dp)g, 
we get 

(3.15) {g, l)F{Dp){g-% x') = (1, g-')F{Dp){x, gx') , 

for every g G Gu, x,x' G Ui- Formula (13.6ft shows that for every x, x' G C/i and x, x' G C/i 
representing x, x', we have 

(3.16) F{Dp){x, x') = J2 i9> l)F{Dp){g % x'). 

g&Gu 

In view of (13.16ft . the strategy is to use the expansion for F{Dp){-, ■) in order to deduce 
the expansion for F{Dp){-, •) and then for Pp{-, •), due to 03. 14ft . In the present situation 
the kernel ^ takes the form 

(3.17) ^{Z, Z') = exp ( - ^ 5: (|z,p + \z[\' - 2zX)) • 
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For details we refer to Il33l § 5.4.3]. 

3.3. Berezin-Toeplitz quantization on Kahler orbifolds. We apply now the results of 

Section [3T2] to establish the Berezin-Toeplitz quantization on Kahler orbifolds. We use the 

notations and assumptions of that Section. 

Toeplitz operators on orbifolds. We define Toeplitz operators as a family {Tp} of linear 

operators Tp : L'^{X, L^ ® E) — > L^{X, Lp E) satisfying the conditions from Definition 

[231 

For any section / G ^°°(X, 'End{E)), the Berezin-Toeplitz quantization of / is defined 
by 

(3.18) Tf^p:L\X,LP®E)~^L\X,LP®E), Tf,p = PpfPp. 
Now, by the same argument as in Lemma 12.181 we get 

Lemma 3.6. For any e > and any Z, m G N there exists Ci^rn,e > such that 

(3.19) \Tf^p{x,x')ym^xxX) ^ Ci^rn,eP~ 

for all p ^ 1 and all (x, x') G X x X with d{x, x') > e, where the ^'^-norm is induced by 
\/'^,V^andh^,h^,g^''. 

As in Section [23] we obtain next the asymptotic expansion of the kernel Tf^p{x, x') in 
a neighborhood of the diagonal. 

We need to introduce the appropriate analogue of the condition introduced in the No- 
tation [2]T2] in the orbifold case, in order to take into account the group action associated 
to an orbifold chart. Let {6p}p£N be a sequence of linear operators 6p : L^{X, I/^E) — > 
L^(X, W ® E) with smooth kernel Qp{x, y) with respect to dvx{y)- 

Condition 3.7. Let A; G N. Assume that for every open set U e U and every orbifold 
chart {Gu,U) -^ U, there exists a sequence of kernels {@p^u{S,x')}p(zfis and a family 
{Qr,xo}os^r^k,xoex such that 

(a) Qr,,, eEnd{E%,[Z,Z'], 

(b) {Qr,xo}ren,xoex is smooth with respect to the parameter Xq G X, 

(c) for every fixed e" > and every x,x' e U the following holds 

{g,l)ep,u{g-'x,x') = {l,g-')Qp,u{x,gx') for any g e Gu (cf. (^JB), 

(3.20) ^P,uiS, S') = ^{p'°°) for d{x, x') > e", 

ep{x,x')= J2 (p,i)ep,a(p-'x,x') + ^(p-°°), 

g&Gu 
and moreover, for every relatively compact open subset V C U, the relation 

(3.21) p- G,,^~ (^, Z') - J2iQr,xo^^J{VP^, VPZ')P-"^ + Oip-"^), for So G V, 

r=0 

holds in the sense of (I2.40D . 



Notation 3.8. If the sequence {6p}pGN satisfies Condition 13. 71 we write 

(3.22) p-" Qp,,,{z, z') - J2iQr,xo^xo){Vpz, Vpz')p-" + oip-"^) 



r=0 
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Note that although the Notations |3.8| and l2.12l are formally similar, they have different 
meaning. 

Lemma 3.9. The smooth family Qr,xo ^ ^''^d{E)xo[Z,Z'] in Condition \3. 71 is uniquely 
determined by @p. 

Proof. Clearly, for W C U, the restriction of Gp^ to W x W verifies (I3.20D . thus we can 
take Qp^w = ®p,u\wxw- Since Gu acts freely on T[7^(C/reg) C U, we deduce from (I3.20D 
and (I32B that 

(3.23) G,,.„(^, Z') = ep,u,^,{Z, Z') + ^(p-°°) , 

for every Xq G t/reg and \Z\,\Z'\ small enough. We infer from (I3.21D and (I3.23D that 
Qr,xo ^ ^''^^{^)xo[Z,Z'] is uniquely determined for Xq G X^^g- Since Qr,xo depends 
smoothly on Xq, its lift to U is smooth. Since the set Tu^{U^eg) is dense in U, we see that 
the smooth family Qr,xo is uniquely determined by 6p. D 

Lemma 3.10. There exist polynomials Jr,xo,Qr,xo{f) ^ End(E)j,(,[.^, ^'] so that Theorem 
\2JA[ Lemmas \2lM \2A9\ and (IZSOl) stiZZ hold under the notation (l3T^ . Moreover, 



(3.24) >/o,xo = IdB, >/i,xo=0. 

Proo/ The analogues of Theorems 12. 13 112.1 41 for the current situation and (13.15D . (I3.16D 
show that Theorem [234] and Lemmas \2A8i \2A9\ still hold under the notation (l3^2l) . By 
(I23TD . we have Oi = 0. Hence (l234l) entails (I3T24D . Moreover, (I3TT4D implies 

(3.25) ry,j,(x, x') = / F{Dp){x, x")f{x")F{Dp){x", x')dvx{x") + ^(p-°°). 

Therefore, we deduce from (ISTTl) . (I3TT5D . (I3TT61) and (13^25]) that Lemmas [2TT9] and (IZSOD 
still hold under the notation (I3.22D . D 

We have therefore orbifold asymptotic expansions for the Bergman and Toeplitz ker- 
nels, analogues to those for smooth manifolds. Following the strategy used in §2.6l we can 
prove a characterization of Toeplitz operators as in Theorem 12.221 (see [i35i Th. 6.11]). 

Proceeding as in §2.61 we can show that the set of Toeplitz operators on a compact 
orbifold is closed under the composition of operators, so forms an algebra. 

Theorem 3.11 ([l35l Th. 6.13]). Let {X, cu) be a compact Kdhler orbifold and let (L, h^) 
be a holomorphic Hermitian proper orbifold line bundle satisfying the prequantization con- 
dition (I2.15D . Let {E, h^) be an arbitrary holomorphic Hermitian proper orbifold vector 
bundle on X. 

Consider f,g ^ ^°°(X, End(E^)). Then the product of the Toeplitz operators Tf^p and 
Tg^p is a Toeplitz operator, more precisely, it admits an asymptotic expansion in the sense 
of (IZT2D . M;here Cr{f,g) G '^°°{X,End{E)) and Cr are bi-differential operators defined 
locally as in fl2.95D on each covering U of an orbifold chart {Gu, U) -^ U. In particular 

Co{f,9) = fg. 

Iff,9^ ^°°(X), then (12:961) holds. 

Relation fl2.104D also holds for any f e ^°°(X, End(.S)). 

Remark 3.12. As in Remark [2.271 Theorem 13.111 shows that on every compact Kahler 
orbifold X admitting a prequantum line bundle (L, h^), we can define in a canonical way 
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an associative star-product 

oo 

(3.26) / Hg = T.^'^iif'9) e '^°°{X,End{E))m] 

1=0 

for every f,g ^ ^°°(X, End(E)), called the Berezin-Toeplitz star-product. Moreover, 
Ci{f, g) are bi-differential operators defined locally as in the smooth case. 

4. Quantization of symplectic manifolds 

We will briefly describe in this Section how to generalize the ideas used before in the 
Kahler case in order to study the Toeplitz operators and Berezin-Toeplitz quantization for 
symplectic manifolds. For details we refer the reader to [33, 35]. We recall in Section 
4.1 the definition of the spin'' Dirac operator and formulate the spectral gap property 
for prequantum line bundles. In Section 4.2 we state the asymptotic expansion of the 
composition of Toeplitz operators. 

4.1. Spectral gap of the spin'' Dirac operator. We will first show that in the general 
symplectic case the kernel of the spin" operator is a good substitute for the space of 
holomorphic sections used in Kahler quantization. 

Let [X, u) be a compact symplectic manifold, dimK X = 2n, with compatible almost 
complex structure J : TX -^ TX. Let p^-^ be the associated Riemannian metric compat- 
ible with u, i.e., g'^-^{u, v) = u{u, Jv). Let (L, h^, V^) ^ X be Hermitian line bundle, 
endowed with a Hermitian metric h^ and a Hermitian connection V-^, whose curvature 
is R^ = (V^)^. We assume that the prequantization condition (I2.15D is fulfilled. Let 
{E, h^, V^) — )> X be a Hermitian vector bundle. We will be concerned with asymp- 
totics in terms of high tensor powers L^ ® E, when p — > oo, that is, we consider the 
semi-classical limit h = 1/p — > 0. 

Let V*®* be the connection on det(T(-^'°)X) induced by the projection of the Levi-Civita 
connection V^^ on T(^'°)X. Let us consider the Clifford connection V^"^^ on A*(T*(°'^'X) 
associated to V^^ and to the connection V*^* on det(T(^'°)X) (see e.g. [33, § 1.3]). The 
connections V^, V^ and V'^''^^ induce the connection 

Vp = V™^ (8) Id + Id (gjV^"®-® on A*(T*(°'^)X) ®L^®E. 

The spin" Dirac operator is defined by 

(4.1) I^p = E c(ej)Vp,e, : fl°-(X, 1/ E) ^ Q°"{X, 1/ ® E) . 

where {ej}^"i local orthonormal frame of TX and c(t;) = \/2(t7i g A —ivo,i) is the Clifford 
action oi v ^ TX. Here we use the decomposition v = v^^ + t/o,i, t^i,o ^ T^^'°^X, 
t/o,! e T(°'1)X. 

if (X, J, u) is Kahler then Dp = V2(d+d*) so Kei{Dp) = H°{X, Lp^E) for p > 1. The 
following result shows that Ker(Dp) has all semi-classical properties of H°{X, L^ E). 
The proof is based on a direct application of the Lichnerowicz formula for D^. Note 
that the metrics p^^, h^ and h^ induce an L^-scalar product on r2°'*(X, L^ ® E), whose 
completion is denoted {^%{X, U" ® E),\\-\\l2). 
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Theorem 4.1 ([ISH Th. 1.1,2.5], ffSS Th. 1.5.5]). There exists C > such that for any 
p e N and any s e ®j,>o 0°'''{X, L^ ® E) we have 

(4.2) ||DpS||^, >(47rp-C)||s||^,. 
Moreover, the spectrum of D^ verifies 

(4.3) Spec(D^) C {0} U [47rp - C, +oo[ . 
By the Atiyah-Singer index theorem we have for p ^ 1 

(4.4) dim Ker(Dj,) = f Td{T^^'°^X) ch(L^ ® E) = ik{E) ^ f u" + 0(p"-^) . 

Theorem 14. 1 1 shows the forms in Ker(L'p) concentrate asymptotically in the L^ sense on 
their zero-degree component and fl4.4D shows that dimKer(L'p) is a polynomial in p of 
degree n, as in the holomorphic case. 

4.2. Toeplitz operators in spin'' quantization. Let us introduce the orthogonal pro- 
jection Pp : i7?2)(-^. LP ® E) — > Ker(Dp), called the Bergman projection in analogy to 
the Kahler case. Its integral kernel is called Bergman kernel. The Toeplitz operator with 
symbol / e ^°°(X, End(E)) is 

Tf^p : f^°^*) (X, 17 ®E)^ f^f^-) (X, I/®E), Tf,^ = P^fP^ 

In analogy to the Kahler case we define a (generalized) Toeplitz operator is a sequence 
(Tp) of linear operators Tp G End{Q°^^{X , Lp ® E)) verifying Tp = PpTpPp, such that 
there exist a sequence gi G ^°°(X, End(.S)) with the property that for all fc > 0, there 
exists Cfc > so that (l2?T2l) is fulfilled. 

A basic fact is that the Bergman kernel Pp(-, •) of the Dirac operator has an asymptotic 
expansion similar to Theorems 12.131 and |2.14i This was shown by Dai-Liu-Ma in [|T5l 
Prop. 4.1 and Th. 4.18'] (see also [33, Th. 8.1.4]). By the Bergman kernel expansion of 
Dai-Liu-Ma we obtain the expansion of the integral kernels of Tf^p , similar to Theorem 
|2.19[ Moreover, the characterization of Toeplitz operators in terms of the off-diagonal 
asymptotic expansion of their integral kernels, formulated in Theorem 12.221 holds also 
in the symplectic case (cf. [35, Th. 4.9], [^331, Lemmas 7.2.2, 7.2.4, Th. 7.3.1]). We obtain 
thus the symplectic analogue of Theorem |2. 241 

Theorem 4.2 ([[35l Th. 1.1], [^, Th. 8.1.10]). Let f,g e ^°°(X, End(E)). The composi- 
tion {Tf^p oTg^p) is a Toeplitz operator, i.e., 

oo 

(4.5) Tf,p o T,,, = Y.P''Tc.U,9),v + C?(P"~). 

where C^ are hi-differential operators, Co{f,g) = fg and Cr{f,g) G ^°°(X, End(E)). Let 
f,g e '^°°(X) and let {■, •} be the Poisson bracket on {X, 2'ku), defined as in ([224]). Then 

(4.6) Ci(/,p) - C^igJ) = v^{f,g}IdE, 
and therefore 

(4.7) [Tf,p,T,,p] = ^T{/,.},p + 0{p'). 
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Thus the construction of the Berezin-ToepUtz star-product can be carried out also in 
the case of symplectic manifolds. Namely, for f,g ^ ^°°{X,End{E)) we set / *ri 9 '■= 
E^o Ckif, g)h^ e ^°°(X, En&{E))[[h]], where C^(/, g) are determined by (|43]) . Then *r. 
is an associative star product. 
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